A (graph) property P is a class of simple finite graphs closed under isomorphisms. In this paper we consider generalizations of sum list colorings of graphs with respect to properties P.
Introduction
Let G = (V, E) be a simple graph with vertex set V = V (G) and edge set E = E(G), and for every vertex v ∈ V let L(v) be a set (list) of available colors. The graph G is called L-colorable if there is a proper coloring c of the vertices with c(v) ∈ L(v) for all v ∈ V . A function f from the vertex set V of G to the positive integers is called a choice function of G if G is L-colorable for every list assignment L with |L(v)| = f (v) for all v ∈ V . If the list length of all vertices coincide then this is the ordinary list colorability. The sum choice number χ sc (G) denotes the minimum of v∈V f (v) over all choice functions f of G. Since the considered colorings are proper, vertices of the same color induce an edgeless graph.
Sum list colorings were introduced by Isaak in 2002 [7] . Results on the sum choice number can be found, e.g., in [1, 2, [6] [7] [8] [9] 11] .
In this paper we examine a generalization of this concept. We consider vertex colorings such that the graphs induced by the vertices of the same color belong to some specific given class of graphs (and not necessarily to the class of edgeless graphs).
A (graph) property P is a non-empty isomorphism-closed subclass of I, where I denotes the class of all finite simple graphs (see [3] ). We assume in the entire paper that K 1 ∈ P for the considered properties P. A property P is called additive if G ∪ H ∈ P whenever G ∈ P and H ∈ P are disjoint where G and H are two graphs of I. A property P is called hereditary (induced hereditary) if G ∈ P and H ⊆ G (H ≤ G) implies H ∈ P, where H ⊆ G (H ≤ G) means that H is a subgraph (an induced subgraph) of G. Therefore, every hereditary property is also induced hereditary. Obviously, K 1 ∈ P for any (induced) hereditary property P.
The graph G is called (L, P)-colorable if there exists a mapping (coloring) c : V (G) → N such that c(v) ∈ L(v) for each vertex v ∈ V (G) and, for each i ∈ N, the graph induced in G by the vertices colored i belongs to P. Such a mapping is called an (L, P)-coloring or a P-list coloring of G.
Let f : V (G) → N be a function which assigns list sizes to the vertices of G. The graph G is (f, P)-choosable and f is a P-choice function of G if for every list assignment L with list sizes specified by f , that is, |L(v)| = f (v) for each v ∈ V (G), the graph G is (L, P)-colorable. The P-sum choice number χ P sc (G) of a graph G is the minimum of the sum of list sizes in f taken over all P-choice functions f of G. Thus
We use the following standard notation for specific graph properties.
All these properties are additive induced hereditary properties. [3] ). The completeness c(P) of an induced hereditary property P is defined as c(P) = max{k : K k+1 ∈ P}; we write c(P) = ∞ if the maximum does not exist. 
Moreover, if P is an additive hereditary property with c(P) = k, then O k ⊆ P ⊆ I k (see [3] ).
The P-sum choice number is a generalization of the usual sum choice number since χ O sc (G) = χ sc (G) for all graphs G. This concept was introduced in [4] . In [4, 5] the P-sum choice number for induced hereditary properties P was studied, especially for P = D 1 , that is, for the class of acyclic graphs. In [10] lower and upper bounds on χ P sc (G) are given for arbitrary induced hereditary properties P where G is the union of two graphs with exactly one vertex in common.
This paper is organized as follows. In Section 2 we collect some basic results, most of them from the literature. In Section 3 we present upper bounds on the P-sum choice number for arbitrary graphs and specific additive induced hereditary properties P, namely D k , I k , J k , O k , O k , and S k . Moreover, Theorem 10 contains a general upper bound for all additive hereditary properties and Theorem 14 for all additive properties. In Section 4 we determine the P-sum choice number of some known classes of graphs including complete graphs, stars, paths, cycles, and all graphs of order at most 4 for arbitrary additive induced hereditary properties P.
Preliminaries
In this section we state some basic results.
The following proposition collects some bounds that can be found in [4] or deduced from some results there.
Proposition 2 [4] . Let P be a hereditary (an induced hereditary) property and
A direct implication is the following result. 
Proof. The result follows by iterative application of Proposition 2 on the induced
For P = O (that is, for the sum choice number) the lower bound can be improved to
is the number of components of G (see [6, 9] ).
In the proof in [9] , l − c(G) edges that induce bridges (that is, blocks K 2 ) were added to the subgraph
, and each bridge increases the sum choice number by χ sc (K 2 ) − 2 = 3 − 2 = 1. Since χ P sc (K 2 ) = 2 for P = O, the larger subgraph does not increase the lower bound on the P-sum choice number if P = O.
The following result is proved in [4] using some hypergraph method.
Proposition 4 [4] . Let P be an additive induced hereditary property. If G = F ∪ H is the disjoint union of F and H, then χ P sc (G) = χ P sc (F ) + χ P sc (H).
Proof. Let f : V (G) → N be a function such that f | V (F ) and f | V (H) are P-choice functions of F and H, respectively. Let L be a list assignment of G with sizes determined by f . An (L| V (F ) , P)-coloring of F and an (L| V (H) , P)-coloring of H provide an (L, P)-coloring of G = F ∪ H since for each color i the subgraphs of F and of H induced by vertices of color i are disjoint and contained in P, hence their union, that is, the corresponding induced subgraph of G = F ∪ H, is also in P since P is additive. This implies
H). Equality holds by Proposition 2.
This result implies that the P-sum choice number of a graph is equal to the sum of the P-sum choice numbers of its components for additive induced hereditary properties P.
Corollary 5. Let P be an additive induced hereditary property. If G has c com-
Upper Bounds for Specific Properties
In this section we present upper bounds on χ P sc (G) for arbitrary graphs G = (V, E) and specific additive (induced) hereditary properties P.
The greedy bound GB(G) = |V | + |E| is an upper bound on the sum choice number χ sc (G) = χ O sc (G), and obviously χ I sc (G) = |V | holds (each vertex obtains a list of size 1). Since O ⊆ P ⊆ I for any additive property P, we have
The next result states an upper bound on the D 1 -sum choice number proved in [4] . We present a simple direct proof.
, where c(G) is the number of components of G.
Then If G is not connected, then use Corollary 5 and apply the preceding result for all components of G.
Note that this bound can be improved (see Theorem 7), but it is also tight in some specific cases. For example, it holds that
The following result can be deduced from Corollary 9 in [4] . We give a direct proof instead without using hypergraph methods.
Theorem 7. Let v 1 , . . . , v n be an arbitrary ordering of the vertices of G and Each subgraph of C α without v i has a vertex of degree at most k because of the assumed coloring, and if v i is a vertex of the subgraph, then v i is a vertex of degree at most k. This means that at most
colors cannot be used for v i , but L(v i ) has at least one color which is not forbidden. Therefore, the (L, D k )-coloring of G can be completed and f is a D k -choice function of G.
by Proposition 1, thus the upper bound of Theorem 7 is also an upper bound on the P-sum choice number of G. Since D k ⊆ O k+1 ⊆ I k we obtain the following bounds.
Corollary 8. Let v 1 , . . . , v n be an arbitrary ordering of the vertices of G and
Note that for O 1 = O Corollary 8 gives the greedy bound of G:
Corollary 9. Let v 1 , . . . , v n be an arbitrary ordering of the vertices of G and
Let us mention that it is possible to generalize these results and prove that
is a P-choice function of G for an appropriate divisor d(P, G). Note that d(P, G) = 1 leads to a choice function f with sum of list sizes equal to the greedy bound GB(G) which is indeed an upper bound on the P-choice number of G. In Corollary 9 in [4] a divisor d(P, G) = δ(P) was used, that is, the smallest minimum degree of a minimal forbidden graph of P (which is a graph not contained in P whose proper induced subgraphs are all in P). Obviously, it suffices to consider just subgraphs of G.
The following result provides a general upper bound on χ P sc (G).
Theorem 10. Let P be an additive hereditary property, v 1 , . . . , v n be an arbitrary ordering of the vertices of G, G i = G[{v 1 , . . . , v i }] for i ∈ {1, . . . , n}, and k = c(P). Then
, i ∈ {1, . . . , n}.
as This implies that the (L, P)-coloring of G can be inductively completed, and therefore f is a P-choice function of G.
Note that for
, we obtain the upper bound of Theorem 7.
Corollary 11. Let P be an additive hereditary property, G be a graph with n vertices, and k = c(P). Then
Proof. The first inequality follows from Proposition 1 since O k ⊆ P, the second by Theorem 10 since c(O k ) = k.
For complete graphs equality holds in Theorem 10 and Corollary 11 (see Theorem 15).
The square G 2 of a graph G is the graph with V (G 2 ) = V (G) and uv ∈ E(G 2 ) if and only if the distance between u and v in G is at most 2.
Theorem 12. Let v 1 , . . . , v n be an arbitrary ordering of the vertices of G and
The first inequality follows from G i = G[{v 1 , . . . , v i }] which implies that two vertices at distance at most 2 in G i have also distance at most 2 in G, that is,
We prove in the following that f is an S k -choice function of G. Let L be a list assignment with list sizes defined by f . Vertex v 1 can be colored with the color from its list. Assume that v 1 , . . . , v i−1 are already colored in a partial (L, S k )-coloring of G and consider the next vertex v i , i ∈ {2, . . . , n}. A color α ∈ L(v i ) is forbidden for v i if either v i is adjacent to at least k + 1 vertices of color α in G i , or if v i is adjacent to a vertex v j of color α, j < i, which is adjacent to at least k vertices of color α. In either case, at least k + 1 vertices of N G i 2 (v i ) must be already colored with α in order to forbid this color for v i . This implies that at most If S k ⊆ P, then χ P sc (G) ≤ χ S k sc (G) by Proposition 1, thus the upper bound of Theorem 12 is also an upper bound on the P-sum choice number of G. This improves the upper bound on χ P sc (G) from Corollary 11 if
(G) by Proposition 1. From Theorem 12 we obtain the following bounds.
Corollary 13. Let v 1 , . . . , v n be an arbitrary ordering of the vertices of G, G i = G[{v 1 , . . . , v i }] for i ∈ {1, . . . , n}, and k ≥ 1. Then
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In [9] an upper bound on the sum choice number of G was proved that depends on a partition V (G) = V 1 ∪ · · · ∪ V l of the vertex set of G and the sum choice numbers of the induced subgraphs G[V i ], i = 1, . . . , l. The bound can be generalized as follows.
Theorem 14. If P is an additive property and
Consider an arbitrary list assignment L with |L(v)| = f (v) for each vertex v ∈ V (G). Color at first the vertices of V 1 which is possible since f | V 1 = f 1 and
are colored by a partial (L, P)-coloring ϕ of G and consider next the set V i , i ∈ {2, . . . , l}.
A vertex v ∈ V i will be colored distinctly from the previously colored neighbors, that is, only the colors of
This implies that f is a P-choice function of G with
Specific Graph Classes
In this section we determine the P-sum choice number of some well-known classes of graphs for arbitrary additive induced hereditary properties P. We begin with complete graphs whose P-sum choice numbers only depend on the complete graphs contained in P, that is, on the completeness c(P) of P. The proof is similar to the proof for the determination of the sum choice number χ sc (K n ) in [8] . In fact, the following theorem is a generalization of this result. for n ∈ N, k ∈ N 0 and P be an
Proof. The proof of Theorem 10 implies
We only need to require that P is induced hereditary, since the subgraphs of G induced by vertices of the same color are also complete and thus connected induced subgraphs.
Consider an arbitrary P-choice function f of K n and denote the vertices of K n in increasing order with respect to f , > k + 1, that is, the graph induced by the vertices of color α is a complete graph with more than k + 1 vertices, a contradiction to c(P) = k. It follows that f (v i ) ≥ 1 + i−1 k+1 for every i ∈ {1, . . . , n} and therefore χ P sc (K n ) ≥ b(n, k).
In the following proposition we compute b(n, k).
Proposition 16. For n ∈ N, k ∈ N 0 let n = q(k + 1) + r with q, r ∈ N 0 , r ≤ k.
Proof. Let n = q(k + 1) + r with 0 ≤ r ≤ k. Then [8] ). For properties P with c(P) = k = 1 we obtain χ P sc (K n ) = sc (K n ). In the next theorems stars, paths, and cycles are considered. Their P-sum choice number again only depends on the connected induced subgraphs contained in P. . We prove that f is a P-choice function of K 1,m . Consider an arbitrary list assignment L with list sizes defined by f . Each vertex v i must be colored with the color from its own list L(v i ) for each i ∈ {1, . . . , m} which is possible since P is additive. Each color which is used to color at most s vertices v i can be used to color z since K 1,s ∈ P and P is induced hereditary which implies that also all substars are in P. Therefore, at most 
Theorem 18. Let P be an additive induced hereditary property. If n ∈ N and p = max{k : k ≤ n and
, and f (v i ) = 2 otherwise. We prove that f is a P-choice function of P n . Consider an arbitrary list assignment L with |L(v i )| = f (v i ) for every i ∈ {1, . . . , n}. We color the vertices in order, beginning with v sc (K 1,1,2 ) ≤ 6. In the remaining cases it holds that K 1,1,2 / ∈ P, P = O, and P = O 1 . Since K 1,1,2 / ∈ P, χ P sc (K 1,1,2 ) ≥ |V (G)| + 1 = 5. Set f (w 1 ) = 2 for a vertex w 1 of degree 3 and f (v) = 1 for v = w 1 . In any list assignment L with list sized defined by f , the colors of the path P 3 = (v 1 , w 2 , v 2 ) are fixed. Color then w 1 by a color different from the color of w 2 . This implies that at most three vertices that induce a P 3 are colored by the same color, and P 3 ∈ P. Therefore, χ P sc (K 1,1,2 ) ≤ 5.
Concluding Remarks
In Section 3 we determined general upper bounds on the P-sum choice number of arbitrary graphs for some of the most common properties P, namely O k , S k , D k , O k , J k , and I k . It would be interesting to obtain reasonable lower bounds on the P-sum choice number of arbitrary graphs for the same properties. In Section 4 we determined the P-sum choice number of complete graphs, stars, paths, cycles, and all graphs of order at most 4 for arbitrary additive induced hereditary properties P. By the same methods and extensive case analysis we also determined the P-sum choice number of all graphs of order 5 for arbitrary additive hereditary properties P.
As mentioned above, we determined the P-sum choice number of stars K 1,m . It would be an interesting task to study the P-sum choice number of arbitrary complete bipartite graphs K l,m . Partial results for P = D 1 can be found in [4] and for P = O in [1, 6] , for example.
